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Within the Landauer transport formalism we demonstrate that conductance zeroes are possible in
bipartite systems at half-filling when leads are contacted to different sublattice sites. In particular,
we investigate the application of this theory to graphene quantum dots with leads in the armchair
configuration. The obtained conductance cancellation is robust in the presence of any single-site
impurity.
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I. INTRODUCTION
The cancellation of the electronic conductance on ac-
count of destructive quantum interference (DQI), inde-
pendent on the coupling strength to the leads, is a quan-
tum mechanical effect without correspondence in classi-
cal circuits. Finding systems where such property occurs
is of both fundamental and practical interest, as in de-
signing of on/off switches, for example. The existence
of DQI phenomena has been investigated previously in
various quantum dots or molecular systems1–9. More re-
cently, this topic received renewed attention in connec-
tion with the transmission phase lapse of pi at the conduc-
tance zeroes between the resonances of a quantum dot,
arguably one of the longest standing puzzle in mesoscopic
physics, whose elucidation spanned thirty years10,11.
In this paper we demonstrate the presence of a ro-
bust zero transmission in graphene quantum dots (QD)
at half-filling (i.e. zero Fermi energy) starting from an
analysis of quantum transport in bipartite lattices. Such
systems, known to provide an appropriate description for
graphene, are composed of two sublattices A and B with
hopping only between A and B sites and no hopping in
the same sub-lattice (see Fig.1). In the Landauer for-
malism, where the conductance between two points Gij
is proportional to the transmittance Tij , it was previ-
ously found that zeroes are obtained in graphene QDs
when both leads are connected to the same sub-lattice,
TAA or TBB
12,13. Moreover, it was shown that this type
of zeroes occurs with a pi phase lapse of the transmis-
sion amplitude, a property characteristic to Fano zeroes.
Here we focus on the origin of the transmission zeroes
and their characteristic properties in a setup that in-
volves DQI when the transport leads are connected to
both sublattices, TAB .
To this end we first prove the conductance cancella-
tions in a multi-terminal bipartite conductor whose trans-
port leads are contacted to A points. In some specific
circumstances, TAA = 0 between any pair of A leads,
a result that is left invariant by the presence of a per-
turbation at any A sites. Later, this property is used as
a building block in constructing new connected systems,
also bipartite, in which the existence of TAB zeros is
studied. Our theory is then applied to a graphene quan-
tum dot at half-filling, when the two leads are connected
to arm-chair edges. The robustness of such conductance
zeroes is studied in the presence of lattice defects.
II. THE LANDAUER FORMALISM
The general Hamiltonian of a bipartite lattice considers
all the hopping terms between sublattice A and B points,
H =
∑
iA,jB
tiA,jB |iA〉〈jB | , (1)
as shown in Figs.1 and 2.
This is a known appropriate representation of nano-
sized graphene sheets (called also graphene quantum
dots)12,14, artificial molecules composed of connected
quantum dots15–17 or alternant chemical molecules de-
scribed by the Hu¨ckel Hamiltonian1,18,19.
TAA=0
Lead α
τ L τ α A1
A2
A3
A4
FIG. 1. A zero transport bipartite conductor with all ter-
minals connected at A sites. The system exhibits zero trans-
mission at E = 0: tα,α¯(0) = 0 for any pair of leads α 6= α¯.
This is realized when the bipartite Hamiltonian is nonsingu-
lar such that it has no zero energy eigenstate. The TAA zeros
are invariant under any A site perturbation but they can be
modified by B site impurities, as discussed in text.
In the following considerations we are interested in the
general multi-terminal case of a quantum dot (QD) con-
nected to a number of Nl one-channel transport leads,
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2indexed by α or β = 1 · · ·Nl. The leads are described by
1D tight-binding or discrete chain19–21 and the contact
points between them and QD are individual sites denoted
with iα and iβ .
Within the Landauer formalism, the transmission am-
plitude between leads α and α¯ at energy E20,22,
tα,α¯(E) = −δα,α¯ + 2i τατα¯
τl
sin k Geffiα,iα¯(E), (2)
determines the conductance between the same leads,
Gα,α¯(E) =
e2
h
Tα,α¯(E) =
e2
h
|tα,α¯(E)|2, (3)
with Tα,α¯ the transmittance. The argument of the trans-
mission amplitude is denoted by arg t(E) = φ(E). Note
that in Eq. (2) the effective Green’s function
Geff (E) =
1
E −Heff , (4)
depends on the energy E = 2τl cos k, with k the wave
number. τl is the lead hopping energy and τα the con-
striction parameter or the hopping energy between QD
and lead α. For simplicity, we assume throughout the
paper that τα = τα¯ = τc.
The effective Hamiltonian that determines Eq. 4 incor-
porates in addition to the bipartite Hamiltonian, Eq. 1,
the potential at the contacts V such that Heff = H +V
lost its hermiticity, with complex terms given by
V =
τ2α
τl
e−ik
Nl∑
α=1
|iα〉〈iα| . (5)
The non-hermitian Heff has proven to be a useful tool
in describing the transport properties of open mesoscopic
systems23,24.
III. THE TAA ZEROES
We apply the formalism described above to the case
of a multi-lead quantum conductor, as depicted in Fig. 1.
All the external leads are connected to the same sublat-
tice of the bipartite system, A. External perturbations
may be present at A sites, i 6= 0 with i ∈ A.
In this case, we show that the transmission matrix tα,α¯
with α 6= α¯ satisfies,
tα,α¯(0) = 0 with iα, iα¯ ∈ A, (6)
regardless of how many other leads are connected to the
same sublattice points A.
This result is derived by using the Dyson expansion
for the effective Green’s function Geff (E) in Eq. 4. For
the matrix blocks that contain matrix elements between
A sites, GeffAA (E) and GAA(E), we write,
GeffAA (E) = GAA(E) +GAA(E)VAG
eff
AA (E), (7)
TAB’ = 0
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FIG. 2. A quantum conductor with TAB zeroes. We have
T13(0), T14(0), T23(0) and T24(0) = 0. The system is com-
posed from two series quantum dots, QD1 and QD2, each
of them having zero conductances between any pair of leads
as explained in Fig. 1. The TAB zero is invariant under any
perturbation applied to A or B′ sites. Particularly, it can be
modified by a selected pair of B and A′ sites perturbations.
where the potential matrix VA contains only the A sites
terms from Eq. 5 and the A sites impurities, as we have
considered. We note that on account of the chiral sym-
metry of the Hamiltonian, the matrix elements of the
bare Green’s function G(E) = 1/(E−H) between points
of the same-sublattice at zero energy cancel as previously
discussed in Refs.13,16,25. Therefore,
Gi,i′(0) = 0 for i, i
′ ∈ A or i, i′ ∈ B . (8)
With GAA(0) = 0 in Eq. 7 and from Eq.2 one obtains the
cancellation from Eq 6.
We note that the validity of this result is conditioned
by the absence of the eigenvalue E = 0 from the bipar-
tite lattice spectrum1,13 which assures that the perfect
conductance cancellation at E = 0 occurs between res-
onances. Such a “perfect” zero is independent of the
coupling strength with the leads, since it is decided by
the zeroes of the bare Green’s function. In this respect it
is different from the usual low conductance between res-
onances, which is never a perfect zero and is, in general,
coupling-dependent.
The invariance of TAA zeroes in Fig.1 to any A site per-
turbations may be used to explain destructive interfer-
ence in the ”off” states for naphtalene or perylene when
the contact points of Buttiker probes and source and
drain electrodes are belonging to the same sublattice19.
Generally, the invariance of the TAA zeroes let the pos-
sibility to lift them only by perturbations acting at least
one B site impurity.
The multiterminal conductor with TAA = 0 in Fig.1
can be used to explain the occurrence of conductance
zeros in bigger systems that incorporate it as a building
block. This will prove important in the next section.
IV. THE TAB ZEROES
To prove the existence of the transmission zeroes that
appear when the leads are connected to different sub-
lattices, one at an A site and the other at a B site, we
consider a quantum conductor composed of a sequence
3of two serially connected quantum dots QD1 and QD2,
described in Fig. 2. Each quantum dot is a bipartite lat-
tice with no zero energy eigenvalue and with all leads
connected to the same sublattice points as in Fig. 1.
The first QD1 is described by the bipartite Hamil-
tonian H1(A,B) with A and B its two type of points.
In the same way, H2(A
′, B′) describes the QD2. The
coupling potential between the two dots is such that it
links only A points of the first dot with B′ points of the
second, as depicted Fig. 2, so we have the Hamiltonian
V12(A,B
′) = |A3〉〈B′1|+ |A4〉〈B′2|+ h.c..
The resulting Hamiltonian of the composed system
H1 +H2 + V12 is bipartite too, with A+A
′ and B +B′
designating the two sublattices.
In the composed bipartite system the tunneling ampli-
tude is zero between points in the A and B′ sublattices,
tα,β(0) = 0 with iα ∈ A and iβ ∈ B′. (9)
This is the main result of this section and will be proven
below.
The effective Hamiltonian Heff that determines the
transmission amplitude in the composed system, in
agreement with Eq. 5, is written as,
Heff =H1(A,B) +H2(A
′, B′)
+V12(A,B
′) + V1(A) + V2(B′), (10)
where H1, H2 describe the two independent QDs, while
V12 describes the coupling between them. V1(A) and
V2(B
′) are the non-hermitian terms from (5) associated
with the coupling to the leads.
The matrix elements Geffiα,iβ (0) of G
eff
AB′(E) for two lat-
tice points iα ∈ A and iβ ∈ B′ are calculated from the
Dyson equation written for the total interaction potential
in Eq. (10),
Geff (E) = G(E) +G(E) (V12(A,B
′)
+ V1(A) + V2(B
′))Geff (E) . (11)
Since the initial system H in (10) is decoupled, its
Green’s function matrices GAB′ and GAA′ are equal to
zero in the expansion of the Dyson equation, leading to
GeffAB′(E) = GAAV
1
AAG
eff
AB′ +GAAV
12
AB′G
eff
B′B′ . (12)
V 1AA and V
12
AB′ are the matrices of the operators V1(A)
and V12(A,B
′) in (10). Since QD1 as a bipartite system
does not have an E = 0 eigenstate and GAA(0) = 0
in Eq. 8, GeffAB′(0) = 0. Then, with input from (2) the
cancellation (9) follows.
A slightly less general result is obtained by considering
a single incoming and a single outgoing lead. One lead is
on an A site coupling to the point iα and the other lead
is at a B′ site coupling to the point iβ ∈ B′. For this two-
terminals conductor one can prove that the transmission
zero tα,β(0) has no pi phase lapse. In the formula (12) of
GeffAB′(E) we introduce the Dyson expansion forG
eff
B′B′(E)
and retain only the lowest order term in the limit of E →
0± when the bare functions GAA → 0 and GB′B′ → 0.
We obtain,
GeffAB′(0±) ' GAA(0±)V 12AB′GB′B′(0±). (13)
The transmission tα,β(0±) in Eq. (2) becomes a summa-
tion of products GiA,jAGiB′ ,jB′ with iA, jA ∈ A and iB′ ,
jB′ ∈ B′. Since every product term GiA,jA or GiB′ ,jB′
describes a pi phase lapse process13, an overall 2pi phase is
obtained and consequently no observable phase variation
occurs. From these considerations one obtains:
∆ arg tαβ(0) = 0. (14)
The stability of the TAB zero obtained in (9) is now
investigated in the presence of a disorder potential rep-
resented by impurity energies located at various sites of
the lattice. The effective total Hamiltonian becomes,
H ′eff = Heff +
∑
i
i|i〉〈i| . (15)
From the Dyson expansion for G′effAB′ , straightforward
calculations lead to
G′effAB′ (0) = G
eff
AB (0)BG
′eff
BA′ (0)A′G
eff
A′B′(0) , (16)
where B and A′ are the matrices of B and A
′ located
impurities. Eq. 2 generates the lowest order terms of the
tunneling amplitude between contact points iα = A1, A2
and iβ = B
′
3, B
′
4,
tα,β(0) = BCBA′A′ +O(3). (17)
CBA′ is a matrix containing Green’s function prod-
ucts derived by the perturbative method. For in-
stance for output lead connected at iα = A1 and
the input one with iβ = B
′
3 it is written CBA′ =
GA1BGBAV
12
AB′GB′A′GA′B′3 , with all Green functions at
E=0 calculated for H1 +H2 from Eq. 10.
This result shows a significant difference between the
TAB and TAA zeroes. The cancellation TAB′ = 0 in
Fig. 2 is invariant in the presence of any single-site impu-
rity and could be modified only by at least a selected pair
of A′, B located impurities. In contrast, the existence of
a same sub-lattice zero, TAA = 0 in Fig. 1, is invariant
in the presence of any A site located impurities, but can
be modified by one B located impurity.
In this paper we have focused on the non interacting
Hamiltonian systems to predict the general features of
the DQI processes1,6,22. At discussed in other works the
presence of interaction terms (on site or long range) may
lead to the energy shift, small diminishing or to the en-
ergy splitting of the DQI dips6,26–28. One may expect
that the obtained DQI processes to be a generic feature
even in the presence of interaction as long as the adia-
batic turning on of the interaction terms do not induce
new energy levels (or density peak) between QI adja-
cent resonance energies. This is discussed on the base
of the Friedel sum rule in Ref. 29. We mention also
4that the electron-hole symmetry (specific to bipartite lat-
tices) survives interaction models such as Hubbard or ex-
tended Hubbard (such as PPP model30,31). Remarkably,
electron-hole symmetry was also proven experimentally
in a carbon nanotube32.
V. THE ARM-CHAIR ZEROES IN GRAPHENE
In this section we study the existence of the TAB ze-
roes for a two-terminal graphene QD at E = 0. In Fig. 3
the graphene sheet has the incoming lead connected at
the site i1 = Bin which belongs to the B sublattices on
left arm-chair boundary and the contact point of the out-
going lead i2 = Aout belongs to the A sublattices on the
right arm-chair boundary. In order to apply the above
discussed formalism, the graphene is formally separated
in two smaller dots QD1 and QD2 that are serially con-
nected through Nzz lines B1A1,..., B5A5 that play the
role of connection leads between them. Each smaller
dots behaves like a zero conductances device described
in Fig. 1. QD1 has leads connected to the B sublattice
and QD2 to the A sublattice. Both of them have no zero
energy eigenstate33. In this instance, Eq. 9 applies and
the conductance cancels at E = 0.
From Ref.33 the rectangular graphene lattice has pairs
of zig-zag edge states Ψzz+ and Ψzz− with the wave num-
bers ξj = pij/(Nzz + 1) and δj that satisfy the character-
istic equation
sinh δjNac = 2 cos (ξj/2) sinh δj(Nac + 1/2). (18)
Nzz counts the zig-zag points and Nac is the number of
hexagonal cells in the arm-chair direction. The two zig-
zag states energies are
Ezz± = ± sinh(δj/2)
sinh δj(Nac + 1/2)
. (19)
For graphene in Fig. 3 we have Nzz = 5 and Nac = 5.
From Eq. 18 we obtain only one pair of zig-zag edge states
having the wave numbers ξ5 = 5pi/6 and δ5 = 1.317.
Their zig-zag energies calculated with Eq. 19 are Ezz± =
±0.001t. t is the nearest neighbour hopping equal to
2.7 eV for nanographene28.
In Fig. 4 we show numerical results of transmittance
T(E) and the transmission phase φ(E) when two trans-
port leads are contacted to the points Aout and Bin as
explained in Fig.3.
The maxima with T (E) = 1 for tunneling energies is
obtained at the two resonance energies equal to zig-zag
eigenstates calculated above, E ' Ezz+ and E ' Ezz−.
Between the two resonances the system shows a zero
transmittance at E = 0 with no phase lapse of the trans-
mission phase between them. At resonances the phase
φ(E) increases with pi as expected.
The TAB zeros have an increased robustness. Two
different impurities like B located in QD1 and A located
in QD2 do not modify the TAB(0) = 0 of Fig.3. In order
to lift the conductance zero, one needs at least one A
QD1
QD2
B
in
B
1
A
1
B
2
A
2
B
5
A
5
A
out
FIG. 3. A picture of a graphene explaining the existence
of zero transmission tAout,Bin(0) = 0 for all Bin ∈ QD1 and
Aout ∈ QD2 for any constrinction τc.
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FIG. 4. Zero transmission and no phase lapse in Graphene
Quantum Dot at E = 0. T(0)=0 for any τc is proven in the
text. The lattice picture and the contact points are in Fig. 3.
τl = 2. The lead-dot constrinction parameters τc are written
on the figure. E, τl and τc are in units of t. In the inset the
transmission phase is in pi units.
impurity in QD1 and one B impurity in QD2. This
results from Eq. 17 and can be applied to design an AND
logical gate by using the graphene QD. In this case the
two control parameters A and B can be simmulated by
external perturbations applied on the two selected sites
as in the case of Bu¨ttiker probes19.
Further, the transmission cancellation proven in this
paper can be used to also explain the DQI in molecular
systems that contain a series of subsystems. If, for in-
stance, the building block is a meta-benzene, we can ob-
tain the zero conductance in biphenyl7, and if we use a
T-shape as a building block we obtain the 2-3 hard zero in
butadiene34. One may start also with multi-terminal lat-
tices as pictured in Fig.1. As example, a three-terminal
naphtalene, with all TAA = 0, may be used as a builid-
ing block to explain the DQI in perylene type lattices
as those obtained in35,36. Finally one remarks that the
second dot in Fig. 2 can be choosen arbitrary and in this
way one can explain and predict DQI in more complex
systems.
5VI. CONCLUSIONS
A large class of molecules and lattices are bipartite, for
which this paper addresses a particular transmission can-
cellation property, potential of use for nano-electronics.
We demonstrate the existence of zero transmission at
half-filling in bipartite systems, such as graphene quan-
tum dots, when the two transport leads are contacted to
certain sites from the A and B different sublattices. This
perfect transmission cancellation, independent on the
coupling strength to the leads, is different from the usual
low conductance between resonances, and the property
can be used for on/off nano-switches or logical gates. The
algorithm described in this paper is appropriate for bi-
partite systems that can be separated in two sub-systems,
each of them bipartite and lacking mid-spectrum (zero)
energy. Then if the two leads are connected to any A
site of the first sub-system and, respectively, to any B
site of the second sub-system, the transmission exhibits
a cancellation.
A high robustness is proven for the TAB conductance
zeros which survive to any single-site perturbation and
at least two impurities (located in different sub-lattices)
are necessary to remove them. This is unlike to the TAA
zeros which are invariant to any A site perturbations and
can be lifted by a single B site impurity. In addition to
the conductance cancellation, no pi lapse of the transmis-
sion phase occurs if the leads are connected to different
sub-lattices, contrary to the case when the leads are con-
nected to the same sub-lattice.
Our results can be used to predict the existence of
DQIs and to understand their robustness in various phys-
ical systems -as finite tight-binding lattices or molecules-
that are composed from various building blocks with cer-
tain bipartite characteristics.
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